REPRESENTATIONS OF TERNARY QUADRATIC FORMS AND THE CLASS NUMBER OF IMAGINARY QUADRATIC FIELDS THOMAS R. SHEMANSKE
In this paper, we consider the norm form of a definite rational quaternion algebra restricted to the elements of trace zero in a maximal order of the algebra. When the algebra has class number one, we derive an equation which relates the representation numbers of the norm form to the class number of imaginary quadratic extensions of the rational numbers.
O Introduction. Kneser [8] observed that the existence of a relation between these two quantities is not unexpected. When compared to the Dirichlet class number formula, the Minkowski-Siegel formulas suggest a connection between the weighted average of the number of primitive representations of an integer m by the different forms in the genus of a given definite ternary quadratic form and the number of ideal classes in an order of Q(\/-m) (e.g. see [3] Appendix B). This connection is evidenced by comparing the local /^-factors in each formula. In the case that the genus consists of only one class, one derives information about the representation numbers of the given form. However, this approach has two disadvantages. First, the job of determining the p-ίactors for primes p dividing twice the discriminant of the form is at best awkward, and second, such an analytic proof would not provide as explicit a correspondence between ideal classes and primitive elements as the one given by the arithmetic approach which we shall use.
In [6] , Gauss showed that the number of primitive integral solutions (i.e. XJ,ZGZ and (x,y,z) = 1) to x 2 + y 2 + z 2 = m is a constant multiple of the class number of primitive binary quadratic forms of discriminant -Am the constant is 12 or 24 depending only on the congruence class of m modulo 4. In the 1920's, Venkov [15] elegantly reproved Gauss' result by viewing the ternary form as the (reduced) norm of a generic element of trace zero in the maximal order (Hurwitz's quaternions) in the quaternion algebra ( z:i <f i ). Rehm [11] recently reproved some of Venkov's results in a more modern framework.
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In this paper, we extend the ideas of Venkov and Rehm to consider ternary forms realized by restricting the norm form of various definite quaternion algebras over Q to the elements of trace zero. Such a form has the shape ax 2 + by 2 + abz 2 with a, b e Q x . There are two natural lines along which to generalize the results of Gauss and Venkov. One can ask for the number of primitive integral solutions to equations of the form ax 2 + by 2 + abz 2 = m, or one may take the reduced norm form of the quaternion algebra and restrict it to the elements of trace zero in various orders in the algebra and ask for a characterization of its representation numbers on these orders. In [13] , we considered the first question; in the present paper, we consider the second. The questions are, of course, intimately related-they coincide in the case of Hurwitz's quaternions and the maximal order Λ above. The main constraint to obtaining a generalization of Gauss' result using Venkov's ideas is the need to choose a quaternion algebra in which the (maximal) orders are principal ideal rings. Generalizations to algebras with class numbers greater than one are under present consideration by the author, although they require adelic methods which we have circumvented here by restricting to the class number one case.
Let 2ί be a definite rational quaternion algebra of class number one and Λ a maximal order in 3ί. It will turn out that the only such algebras are those ramified at a unique finite prime q (and at infinity). Let m be a positive integer not divisible by 4 and write m = ra 0 / 2 with m 0 squarefree. Denote by T(m) the number of primitive μ e Λ with trace 0 and reduced norm m, and let h(m) denote the order of the ideal class group of proper β^-ideals in Q(]/-m). Let ω (m) denote the number of units in Θ f and |Λ X | the order of the unit group, Λ x , of Λ. We obtain the following theorem:
where
The idea of the proof is quite straightforward. Basically, it follows the general plan described by Venkov and utilizes the modern framework which Rehm has presented. Specifically, in each algebra 21 we first fix a TERNARY QUADRATIC FORMS 225 maximal order Λ. For a given positive integer m, we consider all primitive λ e Λ such that λ 2 = -m and form the "root bundle" [λ] = {ελε -1 |ε <= Λ x } where Λ x is the unit group of Λ. Let W denote the set of all such root bundles and let G denote the ideal class group of proper C^-ideals. Following Rehm, we define a map which induces a group action of G on W. The theorem is obtained by determining the number of orbits under this action and the number of primitive "roots" contained in each root bundle.
There are a number of technical difficulties which arise and encumber the general implementation of this plan of proof. They necessitate a detailed analysis of the arithmetic of the individual maximal orders Λ and an investigation of the connection between the arithmetic of the quadratic field Q(]/-m) and of its various embeddings in the algebra 31.
This paper is divided into four sections. The first two contain notation and general results about rational quaternion algebras. The third is devoted to the detailed analysis of the arithmetic of the maximal order, the definition of Rehm's map, a study of the bundles and of the connection between the arithmetic in the maximal order and in quadratic subfields of the algebra. An example is worked out in detail at the end of this section. The fourth section describes the results which one obtains regarding integral representations. In general, the notation used is that of [11] .
The author wishes to thank J. Cremona and A. Pizer for useful conversations, and M. Kneser for comments and suggestions about [13] which are reflected in this present work.
1. Notation. Let Z, Q, R denote the rational integers, rational numbers and real numbers respectively. For a finite prime p of Q, denote by Q p the field of /?-adic numbers and by Z p the subring of /?-adic integers. We shall also let oo denote the infinite prime of Q and sometimes denote R by Q^. For a ring R, denote by R x the group of all invertible elements of R, and by M 2 (R) the ring of 2 X 2 matrices with entries in R. We now remind the reader of some of the basic facts concerning quaternion algebras. The reader is referred to [12] or [16] ) and the (reduced) trace of α by Tr(α) = α + α (= 2w). In particular, N(a), Tr(α) e iC It is easy to check that if α e 21 and a £ K, then the minimal polynomial over K of which α is a root is X 2 -Tr(α)Z + N(a). If 21 is a quaternion algebra over Q, and p is a prime of Q (finite or infinite), denote by % p the quaternion algebra 2ί Θ Q Q^,. If L is a Z-submodule of Λ, and /? any finite prime of Q, let L p = L ® z Z^. Let /? be any prime of Q. Up to isomorphism, there are precisely two quaternion algebras over Q p : M 2 (Q p ) and the unique quaternion division algebra over Q^. We say that p ramifies in 2ί if % p is a division algebra, and that p splits otherwise. The set of ramified primes is finite, even in number (counting oo), and characterizes 21 up to isomorphism.
Let K = Q or Q^ (p finite) and let 0 be the ring of integers in K. If 21 is a quaternion algebra over K, then by an order in 2t, we shall mean a free 0-module Λ of rank 4 which is also a subring of 2ί containing 1. One can show that for a in an order Λ, N(a) and Tr(α) are in 0. For this and other details concerning quaternion algebras, the reader is referred to [12] .
Throughout, we shall be concerned with definite quaternion algebras Q We may and therefore shall assume that α, b e Z and a, b < 0. Note that this makes the norm form positive definite and hence makes 21 a division algebra. Let Λ c 21 be an order and μ e Λ. For a finite prime p of Q we say that μ is p-primitive if whenever μ = cv with ceZ, *> G Λ, then p I c. We say that μ is primitive if it is /^-primitive for all primes p.
Preliminaries.
Throughout, let 21 be a definite rational quaternion algebra. The following result is well-known. 
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Proof. Since μ 2 = v 2 = -m, the map μ -* v induces an isomoφhism of Q(μ) and Q(v) which, by the Skolem-Noether theorem [12] /? e Q(μ) or β e α 0 Q(μ) from which the proposition follows.
In this paper, we are interested in definite rational quaternion algebras, 91, which have class number one (i.e. the maximal orders all have class number one). Since 9ί is definite, it is ramified at infinity and hence at an odd number of finite primes. It follows from the class number formula [2] , [5] for maximal orders, that class number one occurs if and only if 9ί is ramified at infinity and at precisely one of the primes q = 2, 3, 5, 7, 13 . A useful table of class and type numbers of Eichler (in particular maximal) orders can be found in [9] . The case of q = 2 is that of Hurwitz's quaternions which has been considered in [11] , [15] , so we shall concern ourselves with the other four cases.
Denote by 2ί(#) the unique (up to isomoφhism) rational quaternion algebra ramified precisely at the primes q, oo. From Proposition 5.1, 5. We also fix for the remainder of the paper the order (2.2) Λ 0 = Z + Zi + Zy+.ZΛ Henceforth, we restrict to the case of class number one, i.e. q = 3, 5, 7,13. Since class number one implies that the type number is one, any two maximal orders of 9l(#) are conjugate (by an element of 2ί (#) x ). Furthermore, since the questions which we wish to consider regard the representation numbers of the norm form restricted to a maximal order, the answers will be independent of the particular maximal order we choose. Thus for convenience, we shall restrict our attention to the maximal order A(q) defined above.
Let 21 = %(q) and Λ = A(q). Recall that Λ o c Λ. We want to consider the notion of primitive elements in both Λ o and Λ. We record some elementary observations as: 
-ax λ y λ 4-^2 < y 2 -aqx 3 y 3 ).
Let p be a prime dividing /. . For the remainder of the paper we fix with a = 1 if q = 3, 7, and a = 2 if q = 5, 13. We let Λ = Λ(#) be the maximal order given in (2.1) and Λ o the suborder given in (2.2) . Observe that for a = w + xi + jy + zfc e 2ί, iV(α) = w 2 4-αx 2 + ^y 2 4-aqz 2 , so that the norm form restricted to elements of trace zero yields the ternary form of interest.
Let m be a positive integer not divisible by 4. We are interested in characterizing the number of primitive elements μ in Λ which satisfy Tr(μ) = 0 and N(μ) = m, i.e., μ 2 + m = 0. By a primitive root ofX 2 + m, we shall always mean aμ as above. Note that if we were interested in characterizing the number of primitive integral solutions (i.e., x, y 9 z e Z and (x, 7, z) = 1) to the equation ax 2 Λ-qy 2 Λ-aqz 2 = m, then since there is an obvious correspondence between the solution (JC, y 9 z) and the element μ = xi 4-jy 4-zλ: e Λ o (of norm m), we would seek our characterization (as above) in terms of the elements of Λ o (see [13] ).
3.1. The Arithmetic of Λ. We begin with a study of the arithmetic of the maximal order Λ. PROPOSITION 
(1) Every left A-ideal is principal. (2) Λ
x , the group of units in Λ, is a finite group.
Proof. The first statement is true since Λ has class number one. For the second, recall that ε e Λ is a unit if and only if N(έ) = 1. Since the norm form is positive definite and Λ a lattice, the result is clear. When m is not square-free, we must extend our notion of the ideal class group of Q(\/-m). In the case of imaginary quadratic fields, there are several equivalent formulations. We shall consider the ideal class group of (fractional) proper 6^-ideals (see §4. 4 of [14] ) where by proper β^-ideal we mean a fractional β^-ideal whose coefficient ring is Θ f or equivalently, in terms of adeles, a "locally principal" 6^-ideal. In this setting, two proper β^-ideals /, / are equivalent if and only if / = λJ for some λ e Q(\/-m)
x . All ideals are assumed to be non-zero. An equivalent notion and one which we shall also use is that of a regular ideal. We shall discuss regular β^-ideals in more detail somewhat later. For the equivalence of the notions of regular and proper C^-ideals, see §10 of [4] and Proposition 4.11 of [14] . Also note that the class number which arises here is also equal to the number of equivalence classes of primitive binary quadratic forms of discriminant -Am Proof. Rehm's proof [11] of the analogous proposition for Hurwitz's quaternions remains valid here, however for the convenience of the reader we sketch the argument. We may assume that / c Θ μ . By AJ we mean the Z-module of 31 generated by all elements of the form λα, λ e Λ, a e /.
Since leΛwe have /cΛ/nQ(μ). Conversely, since / is invertible, there is a Z-module J' For a proper fi^-ideal / and a primitive root μ of X 2 4-m in Λ, the set AI μ is a fractional left Λ-ideal and, by Proposition 3.1, it is principally generated, say A/ = ΛK where K = /c(/, μ) depends both upon the ideal / and the element μ. K is determined up to left multiplication by elements of Λ Rehm's proof [11] that the map Δ is well-defined when Λ is Hurwitz's quaternions remains valid in our present context, however since this map is central to this paper, we shall sketch the proof.
With /, μ and K as above, we see that In particular, Δ induces an action of the ideal class group G on the set of root bundles W. Later, we shall restrict Δ to a subset of Won which the left kernel of Δ will consist of the set of principal proper βT his will imply that all orbits under this action have the same size (= To proceed, we need information on the root bundles of primitive elements in A. The following is an elementary, but technical lemma which we require. LEMMA 
Let m and μ be as above. Then (1) m = N(μ)mO(modq 2 ). (2) The prime q does not split in Q(]/-m).
Proof, μ primitive in Λ implies
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REMARK 3.10. It is clear that if μ is a primitive root of X 2 4-m in Λ, that the same is true of every element of [μ] . In view of Proposition 3.9, we can (and shall) restrict the map Δ to the set of bundles of primitive roots of X 2 + rn, and hence obtain an induced group action on this smaller set.
There is one further complication which is suggested by Proposition 3.4. We wish to further restrict our attention to the subset of the "primitive bundles" [μ] for which Θ f>μ = Λ Π Q(μ) and still to be able to infer information about the set of all primitive bundles. There is no problem when m = 1, 2 (4), so we restrict our attention to the case m = 3 (4).
Let Λτ 1? Λτ 2 , Λτ 3 be the three integral left Λ-ideals of norm 2 given in Proposition 3.3. We fix this notation, so that any subsequent reference to Tj refers to these τ y . We observe that this correspondence is to be expected since if h(Θ) denotes the order of the ideal class group of proper 0-ideals in Q(/-m), then it is well known [14] that
ifm^7 (8) It remains to show that these "maps" provide the desired correspondences. First, we consider the case of m = 7 (8) . We have previously chosen the τ y so that Λτ y -> Λ 2 τ y -> i?ί y under localization and identification of Λ 2 with R = M 2 (Z 2 ) where the tj are as in (3.1) . One checks that t 2 t v t λ t 2 and t 2 t 3 are all in 2 i?
x . Thus, given any τ y , there exists a τ f such that τ f 7y e 2 Λ 2 , and since the τ's all have norm 2, τ 7 τ y e Λ x = 2 Λ x for all primes p > 2. Now for the T chosen above, there exists a ξ (equal to some τ y ) such that i~τ e 2 Λ^ for all primes /?. From the local-global correspondence, it follows that £τ e 2 Λ x , and hence that [^τμ(ξτ)" 1 ] e ίF 2 . Since p is the unique Ί. such that [pτμ(pτ)" 1 ] G PF 2 , we have £ = p, and our claim is estabhshed. A similar argument establishes the other half of the 1-1 correspondence in the case m = l (8) .
Next, suppose that m Ξ= 3 (8 1 for some ε e Λ x , and hence if and only if a = τj' 1 ετ k normalizes μ. By Proposition 2.1, a e Q(μ). Now 2αeAπ Q(μ) = Z + Z(l + μ)/2 and using this and the fact that N(2a) = 4 (and m > 3) we deduce that a = ±1. Thus Λτ y = ΛεT^ = ΛT^, whence j = k. This completes the proof. Λ7^ ,,, the Z-module generated by all elements of the form yt, yeA, t e T μv , is an integral left Λ-ideal and so by Proposition 3.1 is principally generated, say AT μp = Λp. We shall show that the only possible prime divisors of the norm of p, N(ρ), are 2 and q and we shall discuss the conditions for and implications of each occurrence. To prove the converse, we assume q \ m. Let μ be a primitive root of X 2 + m in Λ and P -jμj~λ» By Propositions 3.2 and 3.9, p is also a primitive root of X 2 4-m in Λ. We show that every element of T μ v has norm divisible by q.
Tμ tV = T 4μAp , so letting 4μ = ri + sj + tk, every element of T μv is of the form
Ί=j\-+ -(ri + sj + tk))
where w, x, y, ZGZ,(W,X) = ()/,Z)=1. Also note that 4μ is ^-primitive for all primes p > 2. We shall show that there is not choice of w, x, y 9 1 < I < n. Since conjugation by σ 7 does not induce an automorphism of Λ, it is not clear that ^GA. We begin with LEMMA 3.17. Let the notation be as above, and assume that pvp' 1 e Λ. Then we may assume ^eΛ for all /, 0 < / < n.
Proof. The general idea is that if ^^ e A and v ι & Λ, then since v n = pvp~ι e Λ there is a smallest p > 1 such that P /+/? G Λ. In fact, we shall show that v ι+ι e Λ and [p ι+λ ] = K-iL so that we may write p = εσ' n o' lΛ . 2°ι -ι ''' °ι f°Γ some « G A x , eliminating that portion of the P/S outside Λ.
Formally we proceed by induction on n. For n = 0 the result is clear. Now assume n > 0 and that the lemma is true for any p with ρvρ~x e Λ and N(ρ) = 2\ h < n. As we saw in Proposition 3.14, given a τ J9 there exists a T, such that Tjj G 2 Λ x . To show that if σ ι+p σ ι+p _ λ £ 2Λ X implies v ι+p £ A reduces to a local question at the prime 2 which, using the t t of (3.1), is easily resolved. Recall, that if m = 1, 2 (4), then ίΓ 2 = 0. By Remark 3.10, the map Δ induces a group action of the ideal class group G of proper C^-ideals on the set W o . We shall later show that this action restricts to one on W v For the moment, we content ourselves with properties of W v Let [μ] G ffp In this section, we closely examine the correspondence between proper β^-ideals / and the generator of the left Λ-ideal KI μ . In the case of Hurwitz's quaternions, the following lemma is implicit in Venkov's work (see p. 242 of [15] ) and a proof for that case is given in [7] . Proof. It is clear that the restriction of the quaternion norm to Q(μ) is the "field" norm from Q(μ) to Q. We may assume that / is an integral ideal so that in this case Jf(l) = [Φ f : I] = [0 />μ : I μ ]. It now follows easily (see §24 of [12] Proof. A@ μ = AK where JV(κ) = 2. By Proposition 3.3, Λfc = Λτ l9 Λτ 2 , or Λτ 3 . By Proposition 3.13, there is a unique τ z such that ^μτr 1 e A, and since κμκ~ι e A, ΛK = AT,.. Let m Ξ 7 (8) and [μ] e P^. By Proposition 3.13, T /JITΓ 1 G A for all three τ f . as above, but by Proposition 3.14, there is a unique τ, (call it T) for which [TJUT" 1 ] e ϊF 2 . Let (ρ,σ, T} = {τ l9 τ 2 ,τ 3 }. e Λ for all τ -τ k9 the generators of the left Λ-ideals of norm 2. As we previously observed, since N(r) = 2, the above will be true if and only if τ(κϊ>«c~1)τ~1 e Λ 2 for all T as above. Now by Proposition 3.3, TK == KV for some κ r G Λ (2 k N{κ')) and T' one of the T^s. Thus r(κvκ-ι )τ~ι = (fcV)^(κ'r')" 1 .
[^] G W^ implies that TVT'" 1 G Λ and, since 2 * iV(/cO, κ ; G Λ^ SO that K'T'P(K'T')-1 e Λ 2 , which completes the proof.
Thus the map Δ induces a group action of G on W v
